ON MANIFOLDS WITH TRIVIAL LOGARITHMIC 
TANGENT BUNDLE: THE NON-KAHLER CASE. 

JORG WINKELMANN 

Abstract. We study non-Kahler manifolds with trivial logarith- 
mic tangent bundle. We show that each such manifold arises as 
a fiber bundle with a compact complex parallelizable manifold as 
basis and a toric variety as fiber. 



1. Introduction 



By a classical result of Wang [TTj a connected compact complex 
manifold X has holomorphically trivial tangent bundle if and only if 
there is a connected complex Lie group G and a discrete subgroup 
r such that X is biholomorphic to the quotient manifold G/T. In 
particular X is homogeneous. If X is Kahler, G must be commutative 
and the quotient manifold G/F is a compact complex torus. 

Given a divisor D on a compact complex manifold X, we can define 
the sheaf of logarithmic differential forms. This is a coherent sheaf. If 
D is locally s.n.c, this sheaf is locally free and we may ask whether it 
is globally free, i.e. isomorphic to O'^^^^ _ 

In jTB] we investigated this question in the case where the manifold is 
Kahler (or at least in class C) and showed in particular that under these 
conditions there is a complex semi-torus T acting on X with X \ D as 
open orbit and trivial isotropy at points in X \ D. 

In this article we investigate the general case, i.e., we do not require 
the complex manifold X to be Kahler or to be in class C. 

There are two obvious classes of examples: First, if G is a connected 
complex Lie group with a discrete cocompact subgroup F, then X = 
G/T is such an example with D being the empty divisor. Second, if T 
is a semi-torus and T ^ T is a smooth equivariant compactification 
such that all the isotropy groups are again semi-tori, then X = T, 
D = T\ T yields such examples 

Both classes contain many examples. E.g., every semisimple Lie 
group admits a discrete cocompact subgroup ((2])- On the other hand. 
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every semi-torus admits a smooth equivariant compactification such 
that all isotropy groups are semi-tori. If the semi-torus under consid- 
eration is algebraic, i.e. a semi-abelian variety, then this condition on 
the isotropy groups is fulfilled for every smooth algebraic equivariant 
compactification. 

We will show that in general every compact complex manifold X with 
a divisor D such that n^(logD) is trivial must be constructed out of 
these two special classes. First we show that there is a fibration X 
where the fiber is an equivariant compactification ^4 of a semi-torus A 
and the base Y is biholomorphic to a quotient of a complex Lie group 
G by a discrete cocompact subgroup V. Prom this one can deduce that 
any such manifold X is a compactification of a (C*) ^-principal bundle 
over a compact complex parallelizable manifold, just like semi-tori are 
extension of compact complex tori by some (C*)'. 

2. The main results 

Theorem 1. Let X he a compact complex manifold and let D he a 
locally s.n.c. divisor such that Q}{\ogD) is globally trivial (i.e. isomor- 
phic to Of^^). 

Let G denote the connected component of 

AvX{X,D) = {ge Aut(X) : g{D) = D}, 

and let X e X = X\D. 

Then G acts transitively on X — X\D with discrete isotropy group 
r = {g E G : g ■ X = x} . 

Furtherm,ore there exists a central subgroup C ~ (C*)' ofG, a smooth 
equivariant compactification C ^ C , a compact complex parallelizable 
manifold Y and a holomorphic fibration tt : X — > y such that 

• TT is a locally holomorphically trivial fiber bundle with C as fiber 
and C as structure group. 

• The n-fibers are closures of orbits of C, 

• The projection map tt is G-equivariant and admits a G-invariant 
flat holomorphic connections. 

• There is a connected complex Lie subgroup H <Z G acting tran- 
sitively on Y with discrete isotropy group A. 

• Lie{G) = Lie{H) © Lie{C) and F = {7 • ^(7) : 7 e A} for some 
group homomorphism p : A ^ C. 

Conversely, any such fiber bundle yields a log-parallelizable manifold: 

Theorem 2. Let Y be a compact complex parallelizable manifold, C ~ 
(C*)', C a smooth equivariant compactification of G . Assume that all 
the isotropy groups of the G -action on C are reductive. Let Ei, . . . ,Ei 
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be C* -principal bundles overY , each endowed with a holomorphic con- 
nection. 

Define X as the total space of the C -bundle associated to the C- 
principal bundle UEi and let D be the divisor on X induced by the 
divisor C\C dC. 

Then D is a locally s.n.c. divisor and Q^{X; logD) is globally trivial. 

This can also be expressed in group-theoretic terms: 

Theorem 3. Let H be a complex connected Lie group, A a discrete 
cocompact subgroup, I & N, C — (C*)', i : C ^ C a smooth equivariant 
compactification and p : A ^ C a group homomorphism. Assume that 
all the isotropy groups of the C -action on C are reductive. 

Define X = {H x C) / ^ and X = {H x C) / where {h, x) - 
{h',x') iff there is an element A e A such that {h',x') = {h\, p{\^^)x). 
Define D ^ X\X. 

Then D is a locally s.n.c. divisor and fl^{X; logD) is globally trivial. 

3. Logarithmic forms 

Let X be a complex manifold and D a divisor. We say that D is 
"locally s.n.c" (where s.n.c. stands for "simple normal crossings" ) if if 

for every point x G X there exists local coordinates Zi,. . . ,Zn and a 
number G {0, . . . n} such that in a neighbourhood of x the divisor D 
equals the zero divisor of the holomorphic function Hf^^Zi. 

It is called a "divisor with only simple normal crossings as singular- 
ities" or "s.n.c. divisor" if in addition every irreducible component of 
D is smooth. 

Let X be a compact complex manifold with a locally s.n.c. divisor D. 
There is a stratification as follows: Xq — X — X\D, Xi = D\Smg{D) 
and for A; > 1 the stratum Xk is the non-singular part of Sing(Xfc_i). 
If in local coordinates D can be written as {z : Uf^iZi — 0}, then 
z = {zu . . . , G Xfc iff #{?: : 1 < 2 < d. z, = 0} = k. 

Let D be an effective divisor on a complex manifold X. The sheaf 
D,'^{\ogD) of logarithmic k-forms with respect to D is defined as the 
sheaf of all meromorphic A:-forms u! for which both fu and fduj are 
holomorphic for all / G Id- If D is locally s.n.c, we may also define 
the algebra (with respect to exterior product) of logarithmic /c-forms 
as the C^-algebra generated by 1 and all df / f where / is a section 

Note: A logarithmic 0-form is simply a holomorphic 0-form, i.e., a 
holomorphic function. 

For every natural number k the sheaf of logarithmic /c-forms is a 
coherent O-module sheaf. It is locally free if is a locally s.n.c. divisor. 
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Especially, if D = {zi ■ . . . ■ z^ = 0}, then f2^(logZ^) is locally the free 
Cjf-module over dzi/ zi, . . . , dzd/ z^^ dz^+i, . . . , dzn- 

For a locally s.n.c. divisor D on a complex manifold we define the 
logarithmic tangent bundle T{— logD) as the dual bundle of fl^{\ogD). 

Then T{—logD) can be identified with the sheaf of those holomor- 
phic vector fields on X which fulfill the following property: 

Vx is tangent to Xk at x for every k and every x G Xk- 

In local coordinates: If D = {z : Uf^iZi = 0}, then T{—logD) is the 
locally free sheaf generated by the vector fields Zi-^ {1 < i < d) and 
i-{d<^<n). 

This implies in particular (compare also 12 ): 

Proposition 1. Let X be a compact complex manifold and D a locally 
s.n.c. divisor such that Q^{\ogD) is globally trivial. 

Let G denote the connected component of the group Aut(X, D) of all 
holomorphic automorphisms of X which stabilize D. 

Then the Lie algebra of G can be identified with T {X , fl^ (log D))* 
and the G-orbits in X coincide with the connected components of the 
strata X^ • 

For every x G Xq = X \ D the isotropy group Gx = {g ^ G : g{x) = 
x} is discrete. 

The isotropy representation of Gx on Tx is almost faithful (i.e. the 
kernel is discrete) for every x & X. 

4. Residues 

Let X be a complex manifold and D a locally s.n.c. divisor. In the 
preceding section we introduced the notion of logarithmic forms. Now 
we introduce "residues". 

Let T : D ^ D denote a normalization of D. Note that Z) is a 
(not necessarily connected) compact manifold. It is smooth, because 
D is locally s.n.c. Furthermore D being locally s.n.c. implies that 
D' = T* Sing(D) defines a divisor on D. 

We are going to define 

res -.Q^X^logD) — > Q''-^ [D, log D') . 

Let X E D and x = t{x) G X. x admits an open neighbourhood W 
in X with local coordinates zi, . . . ,Zn such that 

(1) Zi{x) = ... = Zn{x) = 0. 

(2) r induces an isomorphism between an open neighbourhood W 
of X in Z) with {p E W : Zi{p) = 0}. 
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(3) There is a number 1 < k <n such that D|w is the zero divisor 
of the function zi ■ . . . ■ Zk- 

(4) The restriction of D' to W is the pull-back of the zero divisor 
of the function Z2 ■ ■ . . . ■ Zk on W. 

Now let cu eT{W, Q'^ilogD)). Then 

dzi 

cu — T) -\ A n 

where rj and have poles only along the zero set of 2:2 • . . . • 2;*;. We 
define the restriction of res{uj) to W as 

It is easily verified that res{uj) is independent of the choice of local 
coordinates and the decomposition u; — rj+^Afj, and that furthermore 
the only poles of res (a;) are logarithmic poles along D'. 
Moreover: 

Lemma 1. Let X be a complex manifold, D a locally s.n.c. divisor 

and u a logarithmic k-form (k E NU {0} ). 

Then LU is holomorphic iff res (u) = 0. Furthermore 

res{duj) — —dresiuj) 

Proof. This is easily verified by calculations in local coordinates. □ 

As a consequence we obtain the following result which we will need 
later on. 

Lemma 2. Let X he a compact complex manifold, D a locally s.n.c. 

divisor and oo a logarithmic 1-form. 
Then dcu is holomorphic. 

Proof. The residue res{uj) is a logarithmic 0-form on the normalization 
D of D. But logarithmic 0-forms arc simply holomorphic functions, and 
every holomorphic function on a is locally constant by our compact- 
ness assumption. Therefore dres{Lj) = 0. Consequently res{dLj) — 0, 
which is equivalent to the condition that dcu has no poles. □ 

Remcirk 1. Residues can also be introduced for divisors which are not 
locally s.n.c, see (Saito?). 

5. Group theoretic preparations 

Definition. A (not necessarily closed) subgroup H of a topological 
group G is called cocompact iff there exists a compact subset B <Z G 
such that B ■ H ^ {bh : b e B,h e H} ^ G. 
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If if is a closed subgroup of a Lie group G, then H is co compact if 
and only if the quotient space G/H is compact. 

Proposition 2. Let G be a connected complex Lie group, Z its center 
and r a subgroup. Let C — ZaiX)^ denote the connected component of 

the centralizer Zg^T) = {g & G; g'~f ~ jg V7 e F}. 
Assume that ZT is cocompact. 
Then C = Z^. 

Proof. Let B be a compact subset of G such that BZT = G. 

For each c G C we define a holomorphic map from G to G by taking 
the commutator with c: 

Cc- cgc'^g'^ 

Since c commutes with every element of ZT, we have C,c{G) = Cc{B). 
Thus compactness of B imphes that the image Cc{G) — Cc{B) is com- 
pact. Considering the adjoint representation 

Ad:G^ GL{Lie G) C C"^" 

we deduce that for every holomorphic function / on GL[LieG) the 
composed map foAdo(^ : G ^ C is a bounded holomorphic function on 
G and therefore constant. It follows that the image Cc(G) is contained 
in ker Ad — Z. 

Thus Cc{h) is central in G for all c e G, /i e G. This implies 

CcigKcih-') = cgc-'g-\ch-'c-'h) = cgc-\ch-'c-'h)g-' 

= cgh'^c'^hg'^ = Ccigh'^) 

for all c e G and g,h e G. Hence (c '■ G ^ G is a. group homomor- 
phism for all c E G. 

It follows that Cc(G) is a connected compact complex Lie subgroup 
of Z. In particular, Cc(G) is a compact complex torus and the commu- 
tator group G' is contained in ker Let A denote the smallest closed 
complex Lie subgroup of G containing G'ZT. Then A is normal, be- 
cause it is a subgroup containing G', and G/A is compact, since ZF is 
cocompact. Therefore G/A is a connected compact complex Lie group, 
i.e., a compact complex torus. Thus for every c the map Cc • G ^ G 
fibers through G/A and is induced by some holomorphic Lie group 
homomorphism from G/A to T where T denotes the maximal com- 
pact complex subgroup of Z. Note that both G/A and T are compact 
tori. This implies that IIom(G/A,T) is discrete. Now c Q defines a 
map from the connected complex Lie group G to Hom(G/yl, T). Since 
Hom(G/A, T) is discrete, this map is constant. Furthermore Ce = e. 
Hence Cc = e for all c e G. This implies G G Z. On the other hand the 
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inclusion Z° C C is obvious. This completes the proof of the equality 
C = zo. □ 

Proposition 3. Let G be a connected complex Lie group, Z its center 
and r a discrete subgroup. Assume that ZT is cocompact. 
Then Z^T is closed in G. 

Proof. Let G = Gci^)^ be the connected component of the centralizer. 
Then G = Z^ he the preceding proposition. On the other hand CT is 
closed by an argument of Raghunathan, see lemma 3.2.1. □ 



Corollary 1. Let G be a connected complex Lie group, Z its center 
and r a discrete subgroup. Assume that ZT is cocompact. 

Then there exists a discrete cocompact subgroup Ti in G with F C Fi. 
Moreover the commutator groups V , F'^ can be required to be equal. 

Proof. Note that Z^ is a connected commutative Lie group. It is easy 
to see that there is a discrete subgroup K d Z^ which is cocompact 
in Z° and contains F fl Define Fi = F ■ A. This is a subgroup, 
because A is central in G. By prop. El both Z^Ti and Z^T are closed 
in G. Hence we may consider the fibration 

X = G/Ti G/Z^Ti = G/Z^T = Y. 

Now Y and Z^/A ~ Z^Ti/Ti are both compact, hence X is likewise 
compact. 

Finally we note that the equality F' = F'^^ follows from the fact that 
A is central. □ 

Proposition 4. Let G be a connected complex Lie group, Z its center 
and F a discrete subgroup. Assume that ZT is cocompact. 
Then T' (1 Z is cocompact in G' (1 Z . 

Proof. By cor. Q there is a discrete cocompact subgroup F C Fi C G 
with F' = F;. 

By passing to the universal covering there is no loss in generality in 
assuming that G is simply-connected. 

Now {G'nR)/(TinG'nR) and Z/{ZnTi) are both compact, hence 
(G" n Z)/{G' n Z n Fi) is compact, too. Recall that F; = F' C F. By 
[ig, prop. 3.11.2 Rnr[ is of finite index in G'nRnTi. Using Z C R, it 
follows that Z n G" n F is of finite index in Z n G' n Fi . Hence ZnG'nT 
is cocompact in Z fl G'. □ 

Corollary 2. Let G be a connected complex Lie group, Z its center 
and F a discrete subgroup. Assume that ZT is cocompact and assume 
further that G acts effectively on G/T . 
Then G' H Z is compact. 
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Proof. The subgroup T H Z acts trivially on G/T, hence T' Ci Z = {e} 
if G acts effectively on G/T. However, the trivial subgroup {e} is 
cocompact in G' (1 Z if and only if the latter is compact. □ 

6. The commutative case 

Proposition 5. Let G be a commutative connected complex Lie group 
and let G ^ X he a smooth equivariant compactification, D = X \ G. 

Then Q^{logD) is a holomorphically trivial vector bundle on X if 
and only if the following two conditions are fulfilled: 

(1) G is a semi-torus, and 

(2) every isotropy group for the G-action on X is a semi-torus. 

Proof. This is (1) =^ (2) of the Main Theorem in [TB]. In ^3] we 
assumed that X is Kahler or in class C. However, this assumption is 
used only in order to deduce that G is commutative. Hence the line of 
arguments in still applies if instead of requiring X to be Kahler we 
merely assume that G is commutative. □ 

7. The isotropy groups 

Proposition 6. Let X be a compact complex manifold and D a locally 
s.n.c. divisor such that Q^{X] logD) is spanned by global sections. Let 
G be a connected complex Lie group acting holomorphically on X such 
that D is stabilized and p & X . 

Then the connected component of the isotropy group Gp = {g E G : 
g{p) = p} is central in G. 

Proof. Let w G Lie{G) and v G Lie{Gp). We have to show that [w, v] = 
for any such w, v. By abuse of notation we identify the elements w, v 
of Lie{G) with the corresponding fundamental vector fields on X. Now 
let us assume that [w,v] ^ 0. Then there exists a logarithmic one-form 
uj G Q^{X;logD) such that {u, [w,v]) is not identically zero. Since G 
stabihzes D, the vector fields w,v are tangent to D and thus sections 
in T{—logD) which is dual to Q^(\ogD). Therefore {uj,w) and {uj,v) 
are global holomorphic functions on X. Because X is compact, they 
are constant. Hence w{uj,v) and v{uj,w) vanish both. Therefore 

uj{[w, v]) = duj{w, v). 

Now duj has no poles (lemma |21) and v vanishes at one point, namely p. 
Thus cc;([w, f]) is a global holomorphic function on a compact connected 
manifold which vanishes at one point, i.e., uj{[w, v]) = contrary to our 
assumption on u. We have thus deduced that the assumption [w,v] ^ 
leads to a contradiction. Hence [w,v] = for all w G Lie{G) and all 
V G Lie{Gp). It follows that Gp is central in G. □ 
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8. COCOMPACTNESS OF ZT 

We fix some notation to be used tliroughout this section: 

• X is a. compact complex manifold, 

• Da loc. s.n.c. diuvisor on X and X = X \ \D\, 

• We assume that Q^{X ,log D is a globally trivial Oj^'^odule. 

• Aut(X, D) = {ge Aut(X) : g{D) = D}, 

• G denotes the connected component of Aut{X,D) which con- 
tains the identity map. 

• X denotes a fixed point in X = X \ \D\, 

• r denotes the isotropy group at x, i.e., T = {g E G : g ■ x = x} 

• Z denotes the center of G. 

Proposition 7. ZT is cocompact in G. 

Proof. Equip X with some Riemannian metric. Let p G \D\. Assume 
that p E Di n . . . Dj and p ^ Di for i > j. Then there are logarithmic 
vector fields Vi and local holomorphic cooordinates Zi near p such that 
Vi = Zi-^ for 1 < i < j. As a consequence, for every point p E X there 
exists an open neighborhood Wp and a positive number > such 
that the following assertion holds: For every y G Wp \ \D\ there exists 
an element g E G^ such that d{g ■ w,\D\) > ep. Since X is compact, it 
can be covered by finitely many of the open sets Wp. We choose such 
a finite collection and define e as the minimum of the e^. Let H be the 
subgroup of G generated by all the subgroups Gp. 

Then we have: For every y E X \ \D\ there exists an element g E H 
such that d{g ■ y, \D\) > e. 

Compactness of X implies that C = {z E X : d{z, \D\) > e} is 
compact. We have H ■ C = X \ \D\. We can choose a compact subset 
K G G such that the natural projection from G onto G/T ~ X \ \D\ 
maps K onto C. Then G = H ■ K ■ T. Observe that H is central in G 
due to prop IHl Hence 

G = H-K-T = K-H-T 

and H G Z. It follows that ZT is cocompact in G. □ 
Corollary 3. Z^T is closed and cocompact in G. 

Proof. Implied by prop. El and [7| □ 

Proposition 8. G/Z^T is a compact parallelizable manifold and the 
natural projection G/T G/Z^V extends to a holomorphic map from 
X onto G/Z^T. 
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Proof. G/Z^r can be described as the quotient of the complex Lie 
group by the discrete subgroup r/(r fl Z°) and is therefore a 

compact parallclizablc manifold. 

Now let p be a point in \ Sing(Z}). Choose local cooordinates near 
p such that D = {zi = 0}. Since fl^{logD) is trivial, there is a global 
vector field v such that 

i-v) = — 
Zi ^ dzi p 

Now V is central in Lie{G) and G acts locally transitively on D \ 
Sing(D). Therefore v vanishes as holomorphic vector field on D. It 
follows that w = -^v is a holomorphic vector field near p. Moreover 

Wp = . Now w, as any vector field, is locally integrable. Therefore 

there is a local coordinate system near p in which w equals Since 

V is central as element in Lie{G), v, a.s a holomorphic vector field on 
X\D,is tangent to the fibers of r : G/F G/Z^V. Thus in this local 
coordinate system near p, the map r depends only on the variables 
^2, •••5-2n- But this implies that r, which is defined on {zi ^ 0}, 
extends to a map defined on the whole neighbourhood of p G -D. In 
this way we say that r, originally defined on X \ D, extends to a 
holomorphic map defined on X \ Sing(D). 

Next we observe that the image space G/Z^T is complex parallizable, 
and therefore has a Stein universal covering. It follows that we can use 
the classical Hartogs theorem to extend r through the set Sing(L') 
which has co dimension at least two in X. □ 

Proposition 9. Let Y be a complex manifold on which G acts transi- 
tively, and 11 : X ^ Y an equivariant holomorphic map. 

Then each fiber F of n is smooth, D HF is a s.n.c. divisor in F and 
Q^{F, log{D n F)) IS trivial. 

Proof. A generic fiber is smooth. Since tt is cqiiivariant and G acts 
transitively on Y, it follows that every fiber is smooth. Let S = {y E 

Y : 7r~^(y) C D}. Then S is G-invariant. Hence either n{S) = y or 
S — ^. But vr(S') = Y would imply D = X contrary to D being a 
divisor. Hence iS = 0, i.e. D docs not contain any fiber of n : X ^ Y. 

Now we consider the usual stratification of D (as described in §3). 
At each point p e the divisor D can locally be defined as D — 
{fi ■ ■ ■ fk — 0} where dfi, . . . , dfk are linearly independent in T*X. 
Since D can not be a pull-back of a divisor on F, for a generic choice 
of p there will be local functions fi, . . . , fk near p such that D = {/i • 
. . . ■ fk = 0} and in addition such that the dfi are linearly independent 
as elements in TpF (with F — 7r~^{7r{p))). In the same spirit as in the 
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definition of S above we can now define the set of points in D wliere 
tliis fails. Observing that these sets are invariant, and recalling that 
G acts transitively on the connected components of the strata D^, we 
deduce that they must empty. Thus D (1 F is always a s.n.c. divisor. 
By similar arguments we see that ^^{F, log{D fl F)) is trivial. □ 

9. Proofs for the theorems 

Proof of theoremU\ Let Z denote the center of G. By definition G is a 
subgroup of the automorphism group of X and therefore acts effectively 
on X. By cor. |21 Z^T is closed in G and due to prop. |H1 there is a 
holomorphic fiber bundle vr : X — > Yq = G/Z^T which extends the 
natural projection G/T — Yq = G/Z'^T. From prop 111 we deduce that 
a typical fiber F of vf is log-parallelizable with respect to the divisor 
F n D. Since Z is commutative, this implies (due to prop. E)) that Z^ 
is a semi-torus. Let C be a maximal connected linear subgroup of 
Then C ~ (C*)' for some / G N and Z*^/C is a compact complex torus. 
The fibration Z^ i— >■ Z^/G induces a tower of fibrations 

G/r G/GT G/Z^T 

which (using prop. |H1) extends to fibrations 

X^Y = G/GT G/Z^T 

Now Y is parallelizable because G is normal in G and compact because 
both G/Z^T and Z^ /G are compact. 

From cor. |21we deduce that G" fl Z is compact. Since G <Z Z and 
G ~ (C*)S it follows that G" n C is discrete. Thus we can choose 
a complex vector subspace V C Lie{G) such that Lie{G') C V and 
Lie{G) = V Q) Lie{G) . The condition Lie{G') C V implies that V is an 
ideal in Lie{G). Hence V is the Lie algebra of a normal Lie subgroup 
H of G. Furthermore H ■ G = G due to Lie{G) = V ® Lie{G). The 
condition H ■ G = G implies that H acts transitively on Y = G/GT. 
For dimension reasons the isotropy group A = if fl (CT) is discrete. 

Because G acts effectively on X, the intersection Z (1 T must be 
trivial. Hence CflF = {e}. It follows that the projection map t : G —>■ 
G/G ^H/{Hr] G) maps F injectively onto r(F) = GT/G. 

We claim that r(F) = r(A). Indeed, A = Hn (CF) C GT implies 
r(A) C t(F). On the other hand, if 7 G F, then there exists an element 
c G C such that 7c G H, because H ■ G = G. Then r(7) = r(7c) and 
7C = C7 G if n (GT) = A. Hence r(F) C r(A). 

It follows that there exists a map p : A ^ G such that for each A G A 
the product Ap(A) is the unique element 7 of F with r(A) = t(7). 
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One verifies easily that p is a group homomorphism, using the facts 
that r is a group homomorphism and that C is central. 

To obtain the G-invariant flat connection, we observe that the fun- 
damental vector fields of Lie{H) = V induce a decomposiition T^X = 
V © ker((i7r) in each point x G X. This connection is obviously G- 
invariant. Moreover it is flat, because V = Lie{H) is a Lie subalgebra 
of Lie{G). 

This completes the proof. □ 

Proof of theorem\^ Due to prop.Elwe know that C is log-parallelizable, 
i.e., that Q}{C,\og{C \ C)) is isomorphic to C|=,. Moreover, this iso- 
morphism is given by meromorphic 1-forms which are dual to a basis 
of the C-fundamental vector fields. Let Vi, . . . , V; be such a basis of C- 
fundamental vector fields and rji, . . . ,7]i a dual basis for the logarithmic 
one-forms on C. We may regard C as one fiber of the projection map 
from X onto Y. Using the C-principal right action of C we extend 
Vi, . . . , VJ to holomorphic C-fundamental vector fields on all of X. Let 
H C TX be the horizontal subbundle defined by the connection. Then 
we can extend the meromorphic one-forms rji as follows: For each i we 
require that r]i{Yj) = 6ij and that rji vanishes on H. 

Let uJi,uJr be a family of holomorphic 1-forms on Y which gives a 
trivialization of the tangent bundle TY. Define /ij = 7i*LJi e Q^{X). 

We claim that the family together with the family rji gives a 
trivialization of the sheaf of logarithmic one-forms on X. 

Evidently the are holomorphic. Since the restriction of rji to a 
fiber is logarithmic and rjiln = 0, it is clear that fr]i is holomorphic for 
any locally given function / vanishing on D. It remains to show that 
fdr]i is holomorphic as well. To see this, we calculate fdrii{Y,Z) for 
holomorphic vector fields Y, Z. Recall that 

d7],{Y, Z) = Yi],Z - Zr]iY - r/,([F, Z]) 

It suffices to verify holomorphicity for a base of vector fields. Thus 
we may assume that each of the vector fields Y and Z is horizontal 
or vertical (with respect to the connection). If both are vertical, there 
is no problem since r]i restricted to a fiber is logarithmic. If both are 
horizontal, then rjiY = rjiZ = 0. Furthermore [Y, Z] is horizontal, be- 
cause the connection is flat. Hence rii{[Y, Z]) = and consequently 
dr]i(Y, Z) = 0. Finally let us discuss the case where Y is horizontal 
and Z is vertical. Then rjiY = and moreover [Y, Z] = because H 
is defined by a connection for the C-bundle and therefore C-invariant. 
Thus fdrii(Y,Z) = fYrjiZ. Since the fiber C is log-parallelizable, it 
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suffices to consider the case where, up to multiphcation by a meromor- 
phic function, Z agrees with a C-fundamental vector field V . Let be 
a defining function for the zero locus of V . We may then assume that 
Z = \V. Then 

fdr],{Y, Z) = fYdrj.^V = -f^imV) + ^Yir],V) 

Since rji is dual to Vi, the function rjiV is constant and the second term 
vanishes. Therefore 

/*,(K.Z) = -(^) {f)(,,V). 

We claim that all three factors are holomorphic. Indeed, the zero locus 
of is contained in D (with multiplicity one) and / vanishes on D. 
By construction the horizontal vector field V is tangent to D, hence 
V{(j)) vanishes along the zero locus of (which is contained in D) and 
therefore V(j)/(j) is holomorphic. Finally rjiV is evidently holomorphic, 
since it is a constant function. □ 

Proof of theorem{^ The obvious connection on the trivial bundle H x 
C ^ H induces a fiat connection on H x [C / ~) — F = H/A. 
Hence the statement follows from the preceding theorem (thm. 

□ 
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